Motivated by recent discussions of actions for tachyon and vector fields related to tachyon condensation in open string theory we review and clarify some aspects of their derivation within sigma model approach. In particular, we demonstrate that the renormalized partition function Z(T, A) of boundary sigma model gives the effective actionfor massless vectors which is consistent with string S-matrix and beta-function resolving an old problem with this suggestion in bosonic string case at the level of the leading F 2 (dF ) 2 derivative corrections to Born-Infeld action. We give manifestly gauge invariant definition of Z(T, A) in non-abelian NSR open string theory case and demonstrate that for a particular scheme choice its derivative over the tachyon field reproduces the tachyon beta function. We also discuss derivation of similar actions for tachyon + massless modes from sigma model partition functions in closed bosonic and NSR (or type 0) string theories. In the bosonic case the tachyon potential is T 2 e
Introduction
To try to address the question of vacuum structure of string theory it is natural to look for a kind of field theory action which would interpolate between possible ground states, e.g., unstable perturbative some stable non-perturbative one. The original S-matrix based method [1] of reconstructing string effective action order by order in powers of fields from on-shell scattering amplitudes does not in principle allow one to find such an action.
It was suggested in [2] that a natural framework for an off-shell approach should be a generalized 2-d sigma model partition function representing a generating functional [3] for correlators of string vertex operators given by the Polyakov path integral [4] . The condensates of string fields are then sigma model couplings, and one may hope to determine the exact structure of the action without expanding in powers of them (e.g., expanding instead in derivatives of the fields). One advantage of this sigma model approach is that off-shell gauge symmetries of low-energy expansions become manifest.
The precise definition of the effective action (see [5] for a review) should be consistent with the string S-matrix near the perturbative vacuum and should also reproduce the conditions of Weyl invariance of the sigma model as its equations of motion [6, 7, 8, 9, 10] . 1 While this sigma model partition function approach was successful for the massless string modes leading to covariant expressions to all orders in powers of gravitons and dilatons in the closed string case and the vector field strength in the open string case [11] , it produced unfamiliar expressions when applied to the tachyon field T . As was observed already in [2] , the expression for the partition function Z[T ] computed by expanding in derivatives of T has the following structure in the critical bosonic string theory (both in the closed string case on 2-sphere and open string case on the disc):
]. The constant a 1 was renormalization scheme dependent (logarithmically divergent before subtraction). Introducing Φ = e −T /2 and properly tuning a 1 one was able to reproduce the standard tachyon kinetic term. The meaning of that procedure was, however, unclear.
1 In critical string theory, where, by definition, one does not integrate over the conformal factor of the 2-d metric, the form of the off-shell action depends on a Weyl symmetry gauge, but that dependence should disappear at the stationary points described by 2-d conformal theories. 2 For the closed string case this expression is given in eqs. (39) , (40) in [2] . In the critical open string theory case one is to omit an additional integral over the length of the boundary in the expression following eq. (54) in [2] .
Indeed, to be able to make connection with the standard tachyonic amplitudes it was obvious that one should expand in powers of T and not derivatives of T as the tachyon momentum should be close to its mass shell value. The corresponding tachyon betafunction then receives contributions which are non-perturbative in α ′ [12, 6, 13] are which are in agreement with the tachyonic terms in the effective action reconstructed directly from string amplitudes. The form of the "tachyon potential", i.e. the zero-momentum part of such action is inherently ambiguous [14, 13] , as one can always "dress" any factor of T by ∂ 2 without changing on-shell amplitudes. Thus one needs some extra principle, not apparent at the level of string S-matrix, to fix this ambiguity.
One could still hope that such extra input was, in fact, contained in the world-sheet sigma model approach. This was effectively vindicated by the recent derivations of the tachyon potential in the open string theory (which were motivated by the study of tachyon condensation on non-BPS D-branes [15, 16, 17] ): e −T (1 + T ) in the bosonic string case [18, 19] and e −T 2 in the NSR string case [20] .
While the discussions in [18, 19, 20] were presented in the framework of Witten's
background-independent open string field theory [21, 22] , their results can be obtained directly in the context of the sigma model approach as we shall review below.
The idea is to return back to the original boundary sigma model [2] containing only the tachyon and massless vector couplings. This model is renormalizable within the standard derivative (α ′ ) expansion, i.e. its set of couplings is closed under perturbative RG flow.
While one will certainly need to resum the α ′ expansion to be able to reproduce correct interaction terms at the standard tachyon vacuum point T = 0, the low-energy expansion (approximate in ∂T but exact in T ) may be useful in order to reveal the existence of a new stationary point invisible in perturbation theory near T = 0.
As was argued in [10, 23] the tree level effective action S[A] for the massless vector field should be given simply by the renormalized partition function of the boundary sigma model, as originally conjectured in [2] . Renormalization of logarithmic infinities corresponds to subtraction of massless poles [10, 6, 24] , while elimination of power divergences by a shift of the bare tachyon coupling accounts for a contribution of the tachyon poles in the massless amplitudes. When consistently implemented, this renormalization procedure resolves (as we shall explain in Section 2.2 below) an apparent contradiction between
ansatz and string S-matrix found at the level of the F 2 (∂F ) 2 terms in [25] .
In the presence of a non-zero (renormalized) tachyon background the S = Z prescription requires a modification in the case of bosonic string theory. Indeed, Z ′ =
∂Z ∂T
does not vanish at the standard vacuum point T = 0, so one needs to make a subtraction of the derivative term
= 0 was suggested in the context of the Witten's approach [21, 22] :
, where β T is the tachyon β-function. This form of subtraction term is a natural one since it preserves the property of RG invariance of the action. This definition then leads to the expression e −T (1 + T ) for the open bosonic string tachyon potential [18] . We derive the corresponding low-energy effective action in Section 2.1 and also generalize it to the presence of a constant F mn background. The complication of power divergences and associated shift of the tachyon coupling is absent in the case of world-sheet supersymmetric NSR string, 3 where the
prescription is manifestly consistent [25] and, moreover, should apply also in the case of a non-vanishing tachyon background [20] . We discuss the NSR case in detail in Section 3, reproducing some of the results of [20] . We also give a manifestly gauge invariant definition of the partition function in the general non-abelian case and demonstrate that the secondderivative part of the action S[T ] = Z[T ] taken in a special scheme has its variation over T proportional to the linear perturbative terms in the tachyon β-function. As in the bosonic case, we generalize this action to the presence of constant F mn background, when the potential term becomes e −T 2 det(I + F ). In section 4 we apply the sigma model approach to discuss the tachyon dependence of the effective actions in closed bosonic and NSR string theories. In the closed string theory the effective action for the massless modes is determined by sigma model partition function on 2-sphere in the following way [26, 27, 5] : No such modification is again necessary in the closed fermionic NSR (or type 0) string case, where we argue that (the NS-NS part of) the effective action depends on the tachyon field only through (∂T ) 2 and ∂ 2 T , i.e. there appears to be no tachyon potential. 3 In particular, while in the bosonic string the tachyon couples linearly to the fields of the massless sector, it decouples from them in the NSR case (interaction terms are quadratic in T ). 4 The extra derivative over the logarithm of 2-d cutoff (compared to the original S = Z conjecture of [2] ) accounts for the subtraction of the volume of the Möbius group which is lorathmically divergent in the 2-sphere case [26] (in both bosonic and fermionic string theories). 5 The resulting picture seems to be consistent with remarks in [16] .
Open bosonic string
Let us first take a formal approach, forgetting about possible connection to on-shell string S-matrix and consider the partition function for the (Euclidean) boundary sigma model with two couplings I = dϕ[ [28] of the c-function [8] ) that reproduces the corresponding perturbative β-functions in the sense of 
where the averaging is done with the free string action in the bulk of the disc and ϕ ∈ (0, 2π)
parametrizes its boundary. Here T and A m are Hermitian matrices in the Chan-Paton algebra of U (N ). 6 ǫ = a r → 0 is a dimensionless UV cutoff, i.e. the ratio of the shortdistance cutoff and the radius of the disc. < ... > depends on ǫ through the propagator (see eq. (2.5) below). One can make (2.1) more explicit by using the well-known representation [29] of path ordered exponent in terms of the path integral over 1-d anticommuting fields η a ,η b in the fundamental and antifundamental representations of U (N )
In the abelian case (2.1) is simply
We consider the oriented string case relevant in D-brane context and define the action so that continued to the Minkowski signature it becomes real.
The standard procedure [2, 11, 23 ] to compute Z is to first isolate the constant ("zero mode") part of x m and integrate over the internal points of the disc getting an effective 1-d path integral for the boundary theory
We have shifted In what follows we shall often set the inverse string tension 2πα ′ to one, but the dependence on α ′ is easy to restore on dimensional grounds,
If one ignores all higher that second powers in ξ, i.e. assumes that ∂ m ∂ n T and F mn are constant, the resulting path integral becomes gaussian and can be computed explicitly, as was done for T = 0 in [11] (see also [30] ) and including ∂ m ∂ n T in [31, 32, 33, 34] .
One may "resum" the perturbative expansion by including F ξξ term into the propagator [35] ; regularizing the final expression one gets [23, 25] 
It is then straightforward to compute the leading terms in expansion of Z in derivatives of T and F but to all orders in F mn .
The model (2.2),(2.3) is renormalizable in derivative (α ′ ) expansion, so that T and
3) should be interpreted as ǫ-dependent bare couplings which cancel all the divergent terms, i.e.
[23]
where
Here the renormalized fields are defined at point 2πr and h i contain differential operators acting on T R . For example, it is easy to show that in the abelian case and for constant F mn background
f 1 represents the "Born-Infeld" β-function [35, 36] . The inhomogeneous term in (2.10) [23] 13) corresponds to a shift of the bare tachyon needed to be done to absorb the F mn -dependent linear divergence appearing in the computation of Z for F mn = const leading to the BI action [11, 23] 
If one subtracts the term (2.13) from the beginning, it will not appear in the corresponding β T -function. This is a scheme-dependent [37] property, as one can of course induce a similar term back by a field redefinition, T → T + f (F ). 7 This scheme is fixed by the requirement that the corresponding effective action with T = 0 and F mn = const is given simply by the BI action (which itself is related, via D-brane action connection, to basic reparametrization symmetry of the underlying string theory). The subtraction of (2.13) to be done in the bare partition function will play an important role in Section 2.2 below. The renormalized value of the partition function takes the form (here and in what follows we omit subscripts "R" on the renormalized value of Z and the fields)
The coefficient a 1 is logarithmically divergent before renormalization (−
ln ǫ + O(ǫ)) and thus is scheme dependent, i.e. its value can be changed by a field redefinition [37, 23] (in fact, it vanishes in the minimal subtraction scheme in the regularization used in (2.5)).
Tachyon action
Let us first set F mn = 0 and consider the dependence of Z (2.15) on T .16) i.e.
This expression which looks like an action for a massive field with m 2 = (4a 1 α ′ ) −1 was first found in [2] . However, its derivative does not vanish for T = 0, i.e. does not reproduce the perturbative tachyon coupling β-function which is given, to all orders in the α ′ expansion, simply by
This suggests that in the bosonic open string theory, the definition of the effective action as the renormalized sigma model partition function Z [2, 23] in the bosonic string theory need a modification when the tachyon background is non-zero. The required refinement of the S = Z relation was suggested in [21, 22] : to define an action functional which will be stationary at conformal points one is to add an extra derivative term
The second subtraction term is a natural one as it preserves the property of RG invariance of the action. Note thatŜ and Z are equal at the stationary points ofŜ. Also, 20) i.e. changing from S = Z toŜ may look like a field redefinition of T . This redefinition is, however, singular in the case of the tachyon coupling.
In general, if for a set of fields (sigma model couplings) λ i which is closed under the RG one has [21, 22] 
Choosing a special scheme where 25) one finally getsŜ 27) which is indeed proportional to the β T -function (2.18) to the leading order in T [18, 19] .
Here e −T should be interpreted as the field space metric κ T T (T ) in (2.21) and the nonlinear terms in T should be redefinable away (within α ′ or derivative expansion (2.18) should be the exact expression for the β T -function). Eq. (2.27) has two obvious zeros: T = 0 and T = ∞ with the second one related to the tachyon condensation [16, 19] .
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Including F mn =const background we get the following generalization of (2.15),(2.24) in α ′ (see [12] ). in the boundary sigma model should be given simply by the renormalized value of the sigma model partition function
We shall again omit subscripts "R" below.
This relation passes a number of non-trivial tests. In the abelian case, for F mn = const one finds that Z is equal to the BI action [11] whose derivative over A m is indeed to be proportional to the leading one-loop term −α ′ G mn (F )∂ m F nk in the β A -function [35] . The 
This case is completely analogous to the RT vs. R 2 mnkl T contribution (giving the same on-shell graviton-graviton-tachyon amplitude) in the closed string effective action discussed in [13] .
where d 1 is scheme-dependent. This coincides with the non-abelian F 2 + F 3 terms in the action reconstructed from the bosonic string S-matrix [1, 10] .
There was, however, a problem with S = Z ansatz (2.30) in the bosonic string case pointed out in [25] . The direct computation of the leading derivative ∂F dependent terms in the abelian partition function (2.3) gave the following expression (2πα
and we have ignored all terms which have scheme-dependent coefficients (i.e. vanish on ∂ m F mn = 0). At the same time, both the string 4-point amplitude [25] and the 2-loop sigma model β A -function calculation [39] led to the action (2.32) with the coefficients . This apparent disagreement of the S = Z ansatz with the S-matrix and the β A -function was attributed in [25] to the presence of the tachyon in the bosonic string. The tachyon poles are formally expanded in momenta in the derivation of the massless field effective action from the string S-matrix, and it was suggested that the corresponding subtraction of power divergences in Z may be hard to implement unambiguously.
This problem has, in fact, a very simple resolution implied by the definition (2.30):
a particular "tachyon-related" F 2 ∂F ∂F term was missed in [25] since the tachyon field there was set equal to zero before properly subtracting the linearly divergent We then find the following additional contribution to the renormalized value of Z which has the relevant F F ∂F ∂F structure .35) i.e.
Using ∂ [k F mn] = 0 and dropping the terms proportional to the equations of motion, i.e.
Thus this "tachyonic" correction changes only the
In the scheme where a 1 = 
Open NSR string
Ignoring first the tachyon, the analog of the partition function (2.3),(2.4) which is the generating functional for massless vector scattering amplitudes is given by [10, 40, 25 ]
where the averaging is done with the free string propagator restricted to the boundary of the disc, i.e. with the effective 1-d boundary action I 0 = with periodic ξ m (ϕ) and antiperiodic ψ m (ϕ). The bosonic Green function in (2.5) is now supplemented by the fermionic one
As discussed in [25] , the ǫ → +0 regularization preserves underlying 1-d supersymmetry (which is spontaneously broken by the antiperiodic boundary condition on ψ m , i.e. is an "asymptotic" symmetry).
P in (3.1) stands for the standard path ordering. The contact [A m , A n ] term in F mn implying manifest non-abelian gauge invariance of the resulting amplitudes can be derived [40, 25] from the contact terms in the supersymmetric theta-functions in the manifestly 1-d supersymmetric definition of the path ordering (see also below).
To include the tachyon field, one may start with the standard NS [41] vertex operator dϕ ψ m ∂ m T (x). This coupling cannot, however, be added directly into the exponent in (3.1) as ψ is Grassmann while T is not (integrating ψ m out would leave no dependence on T ). To get a non-zero answer for the correlators one is to properly order the interaction vertices. A simple way to do that, as suggested in [42] and elaborated on in [16, 20] , is to introduce a non-dynamical 1-d anticommuting, real, antiperiodic field ζ(ϕ), and to add to the action the following terms dϕ[ζζ + ζψ m ∂ m T (x)].
General non-abelian case
More precisely, to automatically include the contact terms which will make the nonabelian gauge invariance explicit, one is to insist on manifest world-sheet supersymmetry of the sigma model interaction terms [43, 40, 25] . As in [44, 25] here this is accomplished by replacing x m by the 1-d scalar superfieldsx m = x m + θψ m , and the U (N ) "quarks" η a ,η a in (2.2) and the new variable ζ by the "spinor" superfieldsη a = η a + θχ a ,η a =η a + θχ a andζ = ζ + θf . This ensures the 1-d supersymmetry of the path ordering [40, 25] . The resulting partition function is given by the path integral overx m ,η,η,ζ similar to (2.2) with the interaction part of the action now being
where D ≡ θ∂ ϕ − ∂ θ and we suppressed the U (N ) indices onη a ,η a and the fields T The component form of (3.3) is
This action is manifestly 1-d supersymmetric, but its non-abelian gauge invariance becomes apparent only after integrating over the auxiliary fields χ,χ
Integration over the auxiliary field f gives
Finally, integrating over ζ we find
Here (cf. (3.2))
The resulting derivative expansion of Z is thus expressed in terms of T , F mn and their covariant derivatives.
In the abelian U (1) case the integral over η,η is trivial and the tachyonic terms in (3.7) become the same as originally derived in [16, 20] (cf. (2.3))
(3.9)
10 One could think of using the regularized expression ∂ −1
but that leads to complicated expressions as it should be accompaneed by a similar regularization in the f 2 term to preserve 1-d supersymmetry.
This 1-d supersymmetric theory defined by (3.2),(3.9)
has only logarithmic UV divergences, i.e. all power divergences cancel out [45, 25] . This is true in the general non-abelian case, and also in the presence of supersymmetric higherderivative interactions, and is implied, e.g., by the non-local form of the 1-d supersymmetric lowest-dimension interaction in (3.7),(3.9).
In particular, there is no inhomogeneous F -dependent term (2.13) in the analog of (2.10). Indeed, the coefficient in the analog of (2.14) (i.e. in Z computed for F mn = const) now has both bosonic and fermionic contributions and is finite as a result [45] : much better defined than in the bosonic string case.
One consequence is that the tachyon field manifestly decouples from the massless vector sector. This follows of course from conservation of G-parity (
under which the tachyonic vertex is odd, while the vector vertex is even. In the S-matrix language, there are no tachyonic poles in the massless NS vector amplitudes (so that the theory has of course consistent superstring truncation). Equivalently, this is obvious from (3.9) where T appears only quadratically.
As a result, the subtleties like the one discussed in section 2.2 do not appear in the NSR case, and the renormalized partition function Z[A R , T R = 0] gives directly the vector field effective action consistent with the string S-matrix and β A -function [25] . 11 For example, it was demonstrated in [25] that the leading derivative correction to the BI term in the partition function Z (3.10),(3.9) which has the structure F 2 (∂∂F ) 2 is exactly the same as in the action reconstructed from the 4-point NSR string vector amplitude.
11 Renormalization of the logarithmic divergences corresponding to subtraction of massless poles in the string amplitudes is still needed to define the effective action.
Tachyon action and correspondence with β-function
Let us compute the leading T -dependent terms in the abelian partition function (3.10) using derivative expansion. Expanding in powers of the quantum fields ξ, ψ one finds
The leading one-loop contribution to (3.9) is thus (2πα
14) 
Introducing a constant F mn background means replacing G by G(F ) in (2.7) and K in (3.2) by K(F ) [46, 25] 
(3.17) 12 The exact expressions for the sums are [25] :
Then one finds again (3.13) but with the flat target space metric replaced by G mn (F ) in (2.8). In particular, then (3.16) takes the form
Ignoring first the F mn background and expanding e −W in derivatives of the tachyon field we obtain the renormalized value of the partition function in (3.10). To simplify the expression let us define the renormalized value of the tachyon T by rescaling T by
wheres 1 stands for a renormalized value of s 1 in (3.14). The same expression, but without thes 1 term was found in [20] where T was taken to be linear in x m (i.e. ∂ 2 T was equal to zero).
It is natural to expect that in contrast to the bosonic string case where one needs to shift Z by a derivative term [21, 22] to get the action (2.19) reproducing the tachyon beta function, in the NSR string case the (renormalized) partition function is itself the correct action, not only in the massless vector sector [25] but also in the tachyonic one [20] . 
Since s 1 was logarithmically divergent before renormalization, its renormalized values 1 is, in principle, ambiguous and, as in the bosonic case (see (2.24)-(2.27)) can be tuned to match the variation of S[T ] with the β T -function in (3.16). Indeed, we find δS δT = 2 c 0 e While it may seem making little sense to try to reproduce the correct tachyonic mass plus kinetic terms in the action using the perturbative derivative expansion, the point is that the freedom of field redefinitions allows one to do that, both in the bosonic [18, 47] and in the NSR cases. The resulting field space "metric" κ is then simplest in such scheme.
The generalization of the action (3.20) to the presence of a F mn = const background is straightforward (cf. (2.29))
where we restored the dependence on α ′ . This action is consistent with (3.18) for c 1 = 2.
The non-abelian generalization of (3.24) may be obtained, in principle, from the gaugeinvariant path integral defined by (3.7).
Closed string theories
In bosonic closed string case we start with the sigma model [2]
This model is renormalizable within α ′ expansion. The corresponding "critical" string theory (bare) partition function on 2-sphere has the form [2]
where we shifted x(z) → x + ξ(z) so that (as in (2.4)) W is given by the path integral over the non-constant fluctuations ξ (see [2, 10, 27] for details). The coefficient A is the area of For example, taking the derivative of Z over ǫ reproduces the standard perturbative closed string tachyon β-function,
with Weyl anomaly coefficient beingβ
To obtain the effective action for the massless fields S[G, φ] from the partition function Z one should, as in the open string case, renormalize the logarithmic infinities which corresponds to subtracting massless poles in the string amplitudes [10] . An additional subtlety of the closed string case is that the Möbius group volume has logathmic divergence, and it should be subtracted, in the RG invariant way, by applying ∂ ∂ ln ǫ to the bare value of Z [26] .
14 Expressed in terms of renormalized couplings, the effective action is then [26] (λ i = (T, G, φ)) 5) or, explicitly, 14 To compare the formal generating functional Z to massless effective action reconstructed from string amplitudes one needs to subtract both Möbius infinities and massless poles (UV logarithms). While the former are power-like in the open string case, they are also logarithmic in the closed string case. That means that "extra" log should be subtracted from Z in the closed string case.
As discussed in [26] , the definition (4.5) leads in general to S given by the space-time integral of the "central charge" coefficient.
The functional (4.6) is not, however, the right action for T = 0: it does not have the standard perturbative vacuum (D = 26, T = 0, φ = const, G mn = δ mn ) as its stationary point (equivalently, the tachyon tadpole on 2-sphere does not vanish even after taking the derivative in (4.5)).
As in the open string case, to define the correct action one is thus to subtract the tachyon tadpole in an RG invariant way. By analogy with (2.19), we define
i.e. expanding near a "massless" string vacuâ 
